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Here we study the pattern of neutrino oscillations emerging from a previously proposed warped standard
model construction incorporating Δð27Þ flavor symmetry [J. High Energy Phys. 01 (2016) 007].
In addition to a complete description of fermion masses, the model predicts the lepton mixing matrix
in terms of two parameters. The good measurement of θ13 makes these two parameters tightly correlated,
leading to an approximate one-parameter description of neutrino oscillations. We find secondary minima
for the CP phase absent in the general unconstrained oscillation scenario and determine the fourfold
degenerate sharp correlation between the physical CP phase δCP and the atmospheric mixing angle θ23.
This implies that maximal θ23 correlates with maximal leptonic CP violation. We perform a realistic
estimate of the total neutrino and antineutrino event numbers expected at long baseline oscillation
experiments T2K, NOvA, and the upcoming DUNE proposal. We show how an improved knowledge of the
CP phase will probe the model in a significant way.
DOI: 10.1103/PhysRevD.95.095030
I. INTRODUCTION
The striking pattern of neutrino mass and mixing
parameters [1], remarkably at odds with that characterizing
the quark sector, suggests that it can hardly be expected to
happen just by chance. By and large, in the attempt to bring
a rationale to the pattern of fermion mixing, theorists have
focused on the idea that there is some yet-to-be-determined
non-Abelian flavor symmetry of nature. Theoretical work
towards predicting flavor parameters has followed two
complementary paths, namely,
(i) building explicit flavor models on a case-by-case
basis [2–6] and
(ii) focusing upon the residual CP symmetries charac-
terizing the final mass matrices, irrespective of the
details of the underlying theory [7,8].
In both cases a number of predictions for the leptonic
mixing matrix can be made. Specially interesting for
phenomenology are those which imply a correlation
between the leptonic Jarlskog invariant
JCP ¼ Im½Ue1Uμ3Uμ1Ue3
and the atmospheric angle, since δCP and θ23 are the two
less precisely determined of all the neutrino oscillation
parameters.
Despite enormous experimental effort since the discovery
of neutrino oscillations [9,10], we are still far from a
high-precision measurement of the leptonic CP phase
characterizing neutrino oscillations within the three-flavor
paradigm [11–13]. Here we focus upon symmetry-based
flavor models. For definiteness we consider the case
of a full-fledged warped standard model incorporating
flavor symmetry [14]. It provides a complete description
of all fermion masses, including neutrinos, as well as
their mixing angles and phases. Moreover, in this model
neutrino oscillations are, to a good approximation,
described effectively in terms of a single parameter that
may be taken as δCP. All mass hierarchies are naturally
accounted for by warping. Thanks to the underlyingΔð27Þ
flavor symmetry, the model implies a predictive pattern
of lepton mixing parameters while adequately fitting the
quark mixing matrix.
In this paper we first determine the implications of the
model for neutrino oscillations, deriving the manifest
correlation between δCP and the atmospheric angle θ23.
We show that the determination of leptonic CP violation
is no longer unique but exhibits a fourfold degeneracy. We
use this to work out the predicted electron neutrino and
antineutrino appearance probabilities for the long baseline
neutrino oscillation experiments T2K, NOvA, and the
upcoming DUNE [15] experiment. Using the Globes soft-
ware [16] we also simulate these experimental setups:
(1) T2K [17], (2) NoνA [18] and (3) DUNE [15] according
to their design specifications. Assuming the current central
values and the corresponding errors as priors for θ12 and θ13
we found the regions for the expected bievent numbers
expected in each experiment. We do this both for the
general unconstrained three-neutrino framework, as well as
for our constrained model case. We find that the DUNE
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experiment could potentially exclude this set of parameters
at around 3σ.
II. THEORY PRELIMINARIES: THE WARPED
STANDARD MODEL
Here the main idea consists in combining the advantages
of warping in order to account for mass hierarchies without
fine-tuning with those of implementing flavor symmetries,
in order to potentially predict the fermion mixing pattern.
For definiteness we focus on the warped standard model
proposed in [14]. The model is a minimal version of the
Randall-Sundrum (RS) model involving compactification
of the fifth dimension on S1=Z2 and attaching the orbifold
to y ¼ 0 (UV brane) and y ¼ L (IR brane). The warped
five-dimensional AdS5 metric is given as
ds2 ¼ e−2kyημνdxμdxν − dy2; ð1Þ
where ημν ¼ Diag½1;−1 − 1 − 1 and k is the curvature
scale parameter.
We employ the most minimal version of the RS model
with noncustodial GSM ¼ SUð2ÞL ⊗ Uð1ÞY bulk eletro-
weak symmetry where the 5D fermions and the Higgs field
H are allowed to propagate into the bulk. Although models
with a brane-localized Higgs and no custodial symmetry
are severely constrained by electroweak precision tests [19]
the conflict with electroweak and flavor physics constraints
can be significantly reduced when the 5D Higgs field lives
in the bulk [20–25]. This offers a way to account for
fermion mass hierarchies while evading eletroweak and
flavor physics restrictions. Besides the usual standard
model states, four extra scalars are added to the model,
ϕ, σ1, σ2 and ξ, all of which acquire vacuum expectation
values. It has been shown that charged lepton as well as
Dirac neutrino masses are generated at leading order [14].
Moreover, all fermion mass hierarchies can be adequately
described by appropriate choices of bulk mass parameters
[14]. On the other hand Dirac neutrino masses are
generated by interactions in the IR brane of the form
∼ðξσaΨ¯lÞ ~HΨνi . As a result, the double vacuum expectation
value of the scalars and the localization of the interaction
can naturally account for their smallness.
Concerning the mixing angles, a beautiful feature of the
model consists in the integration of its extra-dimensional
nature with the implementation of a non-Abelian flavor
symmetry, in our case Δð27Þ ⊗ Z4 ⊗ Z04. The latter leads
to the prediction of all the four neutrino oscillation
parameters in terms of just two angles, θν and ϕν according
to the following equations:
sin2θ12 ¼
1
2 − sin 2θν cosϕν
; ð2Þ
sin2θ13 ¼
1
3
ð1þ sin 2θν cosϕνÞ; ð3Þ
sin2 θ23 ¼
1 − sin 2θν sinðπ=6 − ϕνÞ
2 − sin 2θν cosϕν
; ð4Þ
JCP ¼ −
1
6
ffiffiffi
3
p cos 2θν; ð5Þ
where JCP is the Jarlskog invariant.
These relations were derived in [14] and they imply that
the theory can be directly probed using low-energy neutrino
oscillation experiments by comparing the above predicted
relations, given in terms of the two free parameters θν and
FIG. 1. Two ways of displaying the 4σ (yellow) and 3σ (green)
regions of model parameters θν and ϕν allowed by a global fit of
current neutrino oscillation data.
TABLE I. Predicted values of the neutrino oscillation param-
eters s2ij ¼ sin2θij corresponding to the χ2 minima obtained in our
model for different (θν, ϕν) values. The fourth column denotes the
standard “unconstrained” three-neutrino best fit values from [13]
while the fifth column is the unconstrained from [11].
Par. Min 1 Min 2 Unconstrained 1 Unconstrained 2
s212 0.340 0.340 0.306ð12Þ 0.323ð16Þ
s213 0.0216 0.0216 0.02166ð75Þ 0.0234ð20Þ
s223 0.441 0.441 0.441ðþ27−21 Þ 0.567ðþ25−43 Þ
δCP=π 1.31(1.69) 0.69(0.31) 1.45ðþ28−33 Þ 1.34ðþ64−38 Þ
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ϕν, with the measured oscillation parameters. For the
current oscillation data analysis we adopt the one in [13]
and the warped model oscillation parameters are deter-
mined as in [14]. Here we update and extend the analysis so
as to better isolate the implications of the model. For
completeness, in Fig. 1 we present the 3σ and 4σ regions
allowed by the current neutrino oscillation global fit in [13].
We sharpen the result presented in [14], by combining all
the individual χ2 components into one. Indeed, in the top
panel of this figure we show the 3σ and 4σ allowed
contours obtained using the global χ2 function defined as
χ2Global ¼ χ212 þ χ213 þ χ223; ð6Þ
where in χ21i we assumed Gaussian prior corresponding to
the global fit determinations of sin2θ12 and sin2θ13,
χ21i ¼

sin2θexp1i − sin2θ
pred
1i
σ1i
2
ð7Þ
for i ¼ 2, 3, the σ1i is the Gaussian error at 1σ, while the χ223
is the function for sin2 θ23 used in [13]. Following [14], the
predicted values for the mixing angles θij are calculated by
varying θν and ϕν given in Eqs. (2)–(4),1 leading to the
regions depicted in the top panel in Fig. 1. In the bottom
panel we highlight the effect of the precise determination of
the reactor mixing angle θ13 at Daya Bay. Indeed, from
Eq. (3) it follows that the two model parameters θν and ϕν
are sharply correlated, as displayed in the figure. Hence,
in an approximate sense our model is an effectively one-
parameter model for neutrino oscillations.
The global χ2 analysis has two minima χ2min ¼ 8.04
found for (1) θ1ν ¼ 0.297π and ϕν ¼ 1.067π and
(2) θ2ν ¼ 0.203π and ϕν ¼ 1.067π corresponding to the
mixing parameters given in Table I. This degeneracy is
trigonometric, as θiν are complementary; that is, θ1ν þ θ2ν ¼
90° and Eqs. (2)–(4) contain only sin 2θν. However this
degeneracy is lifted by a measurement of the Jarlskog
invariant. The latter is proportional to cos 2θν and, by itself,
FIG. 2. Δχ2 as a function of δCP for our model (solid line) and
for the general case (dashed line).
FIG. 3. Values of leptonic CP violation parameter allowed by
current oscillation data versus the atmospheric angle θ23. Vertical
bands are allowed at 3σ (light blue) and 1σ (darker blue) by the
global fit in [13]. Top: The yellow region denotes the 3σ region of
δCP. Bottom: The yellow and green regions denote the 3σ and 2σ
regions, respectively, of JCP, the Jarlskog invariant. The black-
dashed line shows the value of θ23 and δCP as a function of θν by
taking ϕν that minimizes χ2.
1Note however that, instead of taking the individual χ2 as in
[14], here we add them up, resulting in a slightly more restrictive
constraint, as expected.
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gives rise to a fourfold degeneracy in δCP as can be seen in
Fig. 3. Together with the neutrino oscillation data deter-
mining the mixing angles one finds a solution δCP ¼ 1.31π
deeper than the other minima, as presented in Fig. 2. One
notices that the preferred value of δCP in our model can be
quite different from that found in the general unconstrained
three-neutrino oscillation scenario. To see this closer we
plot in Fig. 2 the Δχ2 function assuming our model to be
true and compare with what is found in the general
unconstrained three-neutrino oscillation global fit. The
solid black curve gives the total Δχ2 in our model as
χ2Total ¼ χ2Global þ χ2δ , while the black-dashed one corre-
sponds to the unconstrained χ2δ function in [13]. Not taking
into account any prior on δCP, the correlation between the
mixing angles provides a 1.7σ resolution on the CP phase,
with four degenerate minima corresponding to the fourfold
degeneracy presented in Fig. 3. However, adopting the
current prior on δCP, such degeneracy drops to only two
local minima near δCP ¼ 1.5π, and excluding δCP ¼ 0.5π
at Δχ2 ∼ 3σ, as can be seen in Fig. 2. By providing an
improved determination of δCP, future data could make the
difference between our model and the general case poten-
tially significant. Namely, within our model δCP has a more
precisely determined value than in the general case.
In addition, an improved δCP determination would also
imply a determination of the atmospheric mixing angle θ23
in our model, as seen in Fig. 3 below. Indeed our model
predicts a sharp correlation between δCP and θ23 as
illustrated in Fig. 3. The black-dashed line illustrates the
one-parameter nature of the correlation implied by the
model, given the good determination of the reactor angle.
The line is obtained by varying θν and taking only the
minima of χ2. This turns it into an effective function of θν,
ϕν ≡ ϕνðθνÞ. Notice that the allowed region is a narrow
band around this line. As one can see, a feature of this
predicted correlation is that maximal mixing θ23 ¼ π=4
also implies maximal CP violation (up to sign), a remark-
able prediction indeed.
III. PREDICTIONS FOR THE T2K, NOVA
AND DUNE EXPERIMENTS
As we saw above, the fact that the model contains only
two tightly correlated free parameters suggests that it will
be tested in future long baseline neutrino oscillation
experiments. In order to see the effect of the restricted
neutrino oscillation parameter space we have mapped out
the resulting allowed values for the oscillation probability
and compared with those expected in a generic model. To
do this we varied the parameters θν and ϕν inside the 3σ
range of Fig. 1 (top). Of special interest here are those
experiments that can probe the parameter δCP (or θ13), as
these play a key role to constrain our parameter space.
Indeed, any of these can be taken as “the” key parameter of
our model.
The presence of CP violation in long baseline accelerator
neutrino oscillation experiments would be manifest in the
most direct way through the nonvanishing of the neutrino
oscillationCP asymmetryAμe ¼ ðPμe − Pμ¯ e¯Þ=ðPμe þ Pμ¯ e¯Þ.
However here we prefer to display the individual neutrino
and antineutrino oscillation probabilities, as these contain all
the information. Matter effects are included in our calcu-
lations according to Ref. [26].
In Fig. 4 we show the allowed regions of the oscillation
probability expected within the generic three-neutrino
oscillation scheme, as a function of the detector distance
for a 1 GeV neutrino. The large spread in the allowed
region for the appearance probabilities follows mainly from
our poor knowledge of the δCP phase. Nevertheless, this
simplified picture cannot contain all the useful information
from each of the experiments. These are characterized by
different energy spread; for example, DUNE has a much
broader energy spectrum than T2K, which is an off-axis
beam. This has a significant effect in measuring the CP
phase and the possibility of distinguishing the general
three-neutrino paradigm from our warped standard model.
Thus, we now consider each experimental setup separately.
In order to get a closer look on our model predictions
compared to the general unconstrained case we display the
neutrino oscillation probabilities expected in each experi-
ment. These are plotted in Figs. 5–7 for T2K, NOνA and
DUNE, respectively. The gray area corresponds to the case
of no model constraints, while the color regions correspond
to the predictions of our model. The solid line represents
the unconstrained χ2 minimum in each case with
δCP ¼ 3π=2, while the dashed and dotted lines correspond
to minimum 1 and minimum 2, respectively; see Table I.
FIG. 4. Transition probability Pðμ → eÞ as a function of the
distance L of the detector for a 1 GeV neutrino expected in the
generic three-neutrino oscillation scheme. The shaded region
represents the 3σ range, while the solid line corresponds to the
current best fit. Vertical lines indicate the T2K, NOvA and DUNE
baselines.
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In Figs. 5–7 the top panel gives the neutrino oscillation
probability and the bottom one the correlation between the
transition probabilities Pðνμ → νeÞ versus Pðν¯μ → ν¯eÞ for
different combinations of the mixing angles in the standard
three-neutrino paradigm and in the warped standard model.
The large difference between the dashed and dotted
curves comes from the large difference in the δCP values
associated to the minima in the table which, in turn, are
associated to the fourfold degeneracy. Indeed, as can be
seen in Fig. 2, these minima can have δCP values very
different from the current preferred one, especially in the
first oscillation peaks. One can see that the allowed
appearance probability values for our warped standard
model (WSM) scheme covers almost the same range as
the general unconstrained case. This follows from our poor
knowledge of the δCP phase. Indeed, one sees from the
top panels of Figs. 5 and 6 that the currently allowed 3σ
ranges for the oscillation probabilities in the WSM scheme
are only slightly wider for the generic or unconstrained
case, characterizing the good measurement of the mixing
angles.
The predictivity of our WSM scenario consists mainly in
the fourfold correlation depicted in the top panel in Fig. 3.
The latter is reflected in the bottom panel of Figs. 5 and 6.
These show the biprobability plot for fixed energy but
varying all the neutrino oscillation parameters. One can see
that, indeed, the WSM-predicted region is much smaller
than the one expected in the general unconstrained case.
We now turn to the predictions for neutrino and antineu-
trino oscillation probabilities for the case of the DUNE
experiment,with baseline1300km. In this casematter effects
play a more important role than in the previous ones.
FIG. 5. Top: Transition probability Pðμ → eÞ as a function of
the neutrino energy E for the T2K experiment. The green area
represents the 3σ allowed region in the model while the gray one
represents the 3σ allowed region in the unconstrained case. The
full line represents the current neutrino best fit with δCP ¼ 3π=2,
the dashed line is the minimum 1 for δCP ¼ 1.31π, and the dotted
line is the minimum 2 for δCP ¼ 0.27π. Bottom: Biprobability
plot for fixed energy E ¼ 400 MeV, taking for the unconstrained
case the 1σ C.L. allowed parameter space for the mixing
parameters, while for ϕν and θν we took the green band from
Fig. 1. The black ellipse corresponds to the current global best fit.
FIG. 6. Transition probability Pðμ → eÞ as a function of the
neutrino energy E for the NOνA experiment. The green area
represents the 3σ allowed region in the model while the gray one
represents the 3σ allowed region in the unconstrained case. The
full line represents the current neutrino best fit with δCP ¼ 3π=2,
the dashed line is the minimum 1 for δCP ¼ 1.31π, and the dotted
line is the minimum 2 for δCP ¼ 0.27π. Bottom: Biprobability
plot for fixed energy E ¼ 1.0 GeV, taking for the unconstrained
case the 1σ C.L. allowed parameter space for the mixing
parameters, while for ϕν and θν we took the green band from
Fig. 1. The black ellipse corresponds to the current global best fit.
NEUTRINO OSCILLATIONS FROM WARPED FLAVOR … PHYSICAL REVIEW D 95, 095030 (2017)
095030-5
As before we will take, for illustration, the deeper global
minimum in Fig. 2 (minimum 1 with δCP ¼ 1.69π) as the
true one and compare it with minimum 2 corresponding to
δCP ¼ 0.31π and with the “standard” casewith δCP ¼ 3π=2.
In Fig. 7 we show μ → e the transition probability
for DUNE as a function of the neutrino energy E. The
solid line corresponds to the current neutrino best fit, with
δCP ¼ 3π=2, while the dashed and dotted ones correspond
to the minima with δCP ¼ 1.31π and δCP ¼ 0.27π, respec-
tively. One sees how the model allows for a potentially
large shift in the position of the first oscillation maximum
as well as its height, as seen in the expected shape of the
transition probabilities. However, the allowed ranges for the
appearance probability still cover most of what is expected
in the generic case. As before, this is not the case when one
considers the biprobability plot depicted below (see Fig. 7),
making the model potentially testable.
Motivated by the above findings, we now take a step
further, by actually simulating three different experimen-
tal configurations: (1) T2K [17], (2) NOνA [18] and
(3) DUNE [15], using the Globes software [16]. For Fig. 8
we assume the central (true) value of each mixing angle,
as given in the fourth column of Table I. In order to
analyze the ability to compare and distinguish our WSM
and the generic neutrino oscillation picture in a quanti-
tative way, we calculate the number of events under two
hypotheses,
(i) unconstrained case: sin2θ12 ¼ 0.306 and sin2θ13 ¼
0.02166 and varying θ23 and δCP;
(ii) WSM case: θij ≡ θijðθν;ϕνÞ and δCP ≡ δCPðθν;ϕνÞ,
taking as priors the errors on θ12 and θ13. For each
experiment we found the 1, 2 and 3σ regions expected for
the bievent numbers for the (i) unconstrained case and the
3σ region for the (ii) constrained case. Now, hypotheses
(i) and (ii) may be compared: Take as an example the
bottom plot in Fig. 8; the shaded 1σ region of Nνe-N ν¯e
corresponding to hypothesis (ii) is almost entirely
excluded at more than 3σ. In other words, if one measures
the event number inside the black 1σ region, this
measurement would clearly disfavor the model.
FIG. 7. Transition probability Pðμ → eÞ as a function of the
neutrino energy E for the DUNE experiment. The green area
represents the 3σ allowed region in the model while the gray one
represents the 3σ allowed region in the unconstrained case. The
full line represents the current neutrino best fit with δCP ¼ 3π=2,
the dashed line is the minimum 1 for δCP ¼ 1.31π, and the dotted
line is the minimum 2 for δCP ¼ 0.31π. Bottom: Biprobability
plot for fixed energy E ¼ 1.0 GeV, taking for the unconstrained
case the 1σ C.L. allowed parameter space for the mixing
parameters, while for ϕν and θν we took the green band from
Fig. 1. The black ellipse corresponds to the current global best fit.
FIG. 8. Bievent plot expected by T2K, NOvA and the future
DUNE experiment. The black region is the standard three-
neutrino expected 1 (full), 2 (dashed) and 3 (dotted) σ region,
while the shaded area is the expected by the WSM at 3σ by taking
the central values as the fourth column in Table I and maximum
running time. Top left, T2K; top right, NOνA; and bottom,
DUNE.
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For completeness we also consider a second set of
parameters from the global fit in [11], whose central values
are described in the last column of Table I with a preference
for the upper octant, i.e.,
(i) unconstrained case: sin2 θ12 ¼ 0.323 and sin2 θ13 ¼
0.0234 and varying θ23 and δCP;
(ii) WSM case: θij ≡ θijðθν;ϕνÞ and δCP ≡ δCPðθν;ϕνÞ.
In Fig. 9 we plotted the number of detected neutrinos
corresponding to these central values. Notice a similar
behavior as in Fig. 8. Notice however that in this case the
shaded 1σ region has a bigger overlap with the one expected
in the generic case. This is clearly understood since the
centralmixing angle values fit better in this set of parameters.
IV. DISCUSSION AND CONCLUSION
We have fully characterized neutrino oscillation predic-
tions emerging from a previously proposed warped stan-
dard model construction incorporating Δð27Þ flavor
symmetry [14]. Fermion masses and mixings are all
accommodated in a realistic way, while the pattern of
neutrino oscillations is described in terms of two correlated
parameters cosϕν and sin 2θν. The determination of δCP is
fourfold degenerate with the minima allowed within 2σ,
as seen in Fig. 2. The sharp correlation between δCP and the
atmospheric mixing angle θ23 seen in Fig. 3 encodes the
true predictive power of the model and implies that
maximal θ23 is associated with maximal leptonic CP
violation. We have seen how, thanks to the current lack
of knowledge on δCP, despite the sharp correlation between
the atmospheric mixing angle θ23 and the phase δCP there
are no substantial differences in the expected ranges for
appearance neutrino and antineutrino probabilities for the
long baseline accelerator experiments T2K, NOvA and
DUNE, as seen in Figs. 5–7. However, Fig. 2 shows that in
this model there are other possible δCP minima which might
become preferred with new data. In order to put the model
to a stringent quantitative test we have gone beyond the
simple probability level and performed a dedicated simu-
lation of the neutrino and antineutrino event numbers
expected in each of these setups. We have determined
the bievent plots expected for the T2K, NOνA and DUNE
experiments. We showed that DUNE will be sensitive to
our WSM, as opposed to the generic oscillation scenario,
already at this event number level. An improved knowledge
of the CP phase would certainly probe the model in a more
significant way. A full-fledged spectrum analysis could
potentially improve this result, but this is beyond the scope
of this work.
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